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ABSTRACT

We decompose transformer activations into content-stable (H0) and context-
dependent (H1) subspaces using sheaf cohomology. A cellular sheaf built over
paraphrase graphs yields a Laplacian whose spectral structure separates phrasing-
invariant directions from maximally varying ones, requiring no concept labels or
supervised training. Across five models (124M–13B parameters), H1 dimensions
exert 3.5–26.5× greater causal influence on model output than variance-matched
controls (Cohen’s d = 2.3–14.3), H0 retrieves facts at 60–68% accuracy using
only 20 dimensions, and the two subspaces produce opposite effects under ab-
lation. The decomposition also reveals architecture-dependent fragility: Llama-
2-7B collapses under random perturbation (4.2% fact preservation) while all di-
rected methods preserve facts at 12–14% (p < 10−10, n=1000); with architecture-
specific restriction maps this gap widens to 31.0% vs. 4.2% (p < 10−50). Robust
models tolerate both perturbation types.

1 INTRODUCTION

Transformer representations mix what a sentence means with how it is phrased. The activation
for “The Eiffel Tower is in Paris” differs from that for “Paris is home to the Eiffel Tower” even
though both express the same fact. Sparse autoencoders decompose activations into individual fea-
tures (Bricken et al., 2023; Cunningham et al., 2024), probes test linear decodability (Belinkov,
2022), and similarity methods compare activation spaces (Kornblith et al., 2019; Raghu et al., 2017).
None of these directly measures cross-context consistency, the degree to which a feature preserves
its value when phrasing changes and meaning holds fixed.

Sheaf cohomology provides a natural framework for this question. A cellular sheaf (Curry, 2014;
Hansen & Ghrist, 2019) assigns vector spaces to nodes and edges of a graph, linked by linear re-
striction maps. We build a sheaf over paraphrase graphs: nodes carry hidden-state vectors and edges
connect paraphrase pairs. The coboundary operator δ0 measures disagreement between paired rep-
resentations, and spectral decomposition of the sheaf Laplacian LF = (δ0)⊤δ0 splits the representa-
tion space into two complementary subspaces. The kernel H0 = ker(LF ) captures directions along
which paired representations agree, encoding phrasing-invariant content. The top eigenspace cap-
tures directions of maximal disagreement, encoding context-dependent variation such as syntax and
surface form. We call these “H1 directions” (Remark 1 clarifies the relationship to cohomological
H1).

The decomposition requires only paraphrase pairs, not concept labels or attribute supervision. It
operates in a learned low-dimensional edge space via a restriction map P ∈ Rd×k (k=128 ≪ d),
and the choice of this map (PCA, CCA, or contrastive) determines which aspects of variation the
decomposition captures.

Contributions. (1) A sheaf-theoretic decomposition of transformer representations into content-
stable (H0) and context-dependent (H1) subspaces, validated across five models (124M–13B pa-
rameters). (2) Functional characterization: H1 exerts 3.5–26.5× greater causal influence than
variance-matched controls (Cohen’s d = 2.3–14.3), H0 retrieves facts at 60–68% accuracy with
20 dimensions, and ablation of the two subspaces produces opposite effects on generation. (3)
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An architecture fragility diagnostic: Llama-2-7B collapses under random perturbation (4.2% fact
preservation) while directed methods preserve 3× more facts (12–14%, p < 10−10, n=1000); ro-
bust models tolerate both perturbation types.

2 RELATED WORK

Sheaves in machine learning. Hansen and Ghrist (Hansen & Ghrist, 2019) introduced the sheaf
Laplacian as a generalization of the graph Laplacian incorporating vector-valued data on nodes and
edges. Subsequent work applied sheaf neural networks to heterophilic graph learning (Bodnar et al.,
2022; Barbero et al., 2022) and to analyzing local-global model fit (Kvinge et al., 2021). Recent
applications include predictive coding (Seely, 2025) and learned restriction maps (Di Nino et al.,
2025). We apply sheaf cohomology to decompose transformer representations into content-stable
and context-dependent subspaces.

Interpretability and steering. Sparse autoencoders decompose activations into overcomplete fea-
ture dictionaries (Bricken et al., 2023; Cunningham et al., 2024; Templeton et al., 2024). Circuit
analysis identifies subgraphs responsible for specific computations (Conmy et al., 2023; Wang et al.,
2023). Probing classifiers test linear decodability (Belinkov, 2022). Concept erasure removes tar-
geted information (Belrose et al., 2023; Ravfogel et al., 2022). The linear representation hypothesis
posits concepts as directions (Park et al., 2024; Gurnee & Tegmark, 2024), though recent evidence
suggests some features span multiple dimensions (Engels et al., 2025). Our steering baseline follows
activation addition (Turner et al., 2023) and representation engineering (Zou et al., 2023).

Subspace methods. DAS (Geiger et al., 2024) and LEACE (Belrose et al., 2023) require concept
labels; CCS (Burns et al., 2023) and ITI (Li et al., 2023) use contrast pairs. All target individual con-
cepts, whereas our method produces a global content/context separation from paraphrase pairs alone.
Recent steering methods have explored position-adaptive magnitude selection (Yu et al., 2025) and
rotation-based interventions in low-dimensional planes (Vu & Nguyen, 2025); our framework dif-
fers in producing a global decomposition rather than per-attribute directions, and the H0/H1 split is
derived from consistency structure rather than behavioral contrast. Steering reliability varies across
model families (Da Silva et al., 2025; Tan et al., 2024); our architecture-dependent findings provide
a mechanistic account of this variability.

3 BACKGROUND: CELLULAR SHEAVES

A cellular sheaf F on a graph G = (V,E) assigns a vector space (a stalk) Fv = Rdv to each node v,
a stalk Fe = Rde to each edge e, and a linear restriction map Fv⊴e : Fv → Fe for each node-edge
incidence (Curry, 2014; Hansen & Ghrist, 2019). Intuitively, each node holds a local data vector and
the restriction maps specify how to compare data at adjacent nodes.

The coboundary operator δ0 : C0(G;F) → C1(G;F) maps from the space of node data C0 =⊕
v Fv to the space of edge data C1 =

⊕
e Fe, measuring disagreement between neighbors:

(δ0x)e = Fv⊴e(xv)−Fu⊴e(xu) (1)

for edge e = (u, v). When δ0x = 0 everywhere, the local data is globally consistent: it “glues” into
a global section. The sheaf Laplacian LF = (δ0)⊤δ0 generalizes the graph Laplacian (Hansen &
Ghrist, 2019). Its kernel equals the zeroth cohomology ker(LF ) = H0(F), the space of globally
consistent sections. The first cohomology H1 = ker(δ1)/im(δ0) captures obstructions to gluing:
local data that cannot be consistently extended globally.

For interpretability, we read H0 as content that remains consistent across semantically equivalent
contexts and H1 as context-dependent variation (syntactic structure, surface phrasing) (Elhage et al.,
2022; Bricken et al., 2023). The question then becomes: can the representation space be split into
stable-meaning dimensions (H0) and variable-phrasing dimensions (H1), and does this split have
functional consequences?
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4 THE INTERPRETABILITY SHEAF

4.1 SHEAF CONSTRUCTION

Given semantically equivalent context pairs {(c(1)i , c
(2)
i )}Ni=1 such as paraphrase pairs from

MRPC (Dolan & Brockett, 2005), we construct a cellular sheaf over the context graph.
Definition 1 (Interpretability Sheaf). The interpretability sheaf F over context graph G = (V,E)
assigns to each node v ∈ V a stalk F(v) = Rd containing the hidden state, to each edge e =
(vi, vj) ∈ E representing a semantic equivalence pair an edge stalk F(e) = Rk where k ≪ d, and
to each node-edge incidence a restriction map Fv⊴e : F(v) → F(e) projecting the node stalk to a
shared comparison space. The context graph forms a perfect matching with |V | = 2N nodes (one
per sentence) and |E| = N edges (one per paraphrase pair).

Restriction maps. We learn a shared linear map P ∈ Rd×k with k = 128 from paired activation
data via joint PCA. The restriction map takes the form Fv⊴e = P⊤, projecting from Rd to Rk. We
also evaluate CCA and contrastive (Fisher discriminant) restriction maps, which yield qualitatively
different steering outcomes as detailed in Section 5.3.

4.2 H0/H1 DECOMPOSITION VIA THE SHEAF LAPLACIAN

The coboundary operator δ0 : C0(G;F) → C1(G;F) maps node data to edge discrepancies:

(δ0h)e = P⊤hv2 − P⊤hv1 for e = (v1, v2) (2)

The consistency energy Econs(h) = ∥δ0h∥2 measures total disagreement across edges. Global sec-
tions satisfying H0 = ker(δ0) have zero energy.

The sheaf Laplacian LF = (δ0)⊤δ0 satisfies ker(LF ) = H0(F). We compute the H0/H1 decom-
position via eigendecomposition of the Laplacian:

Lsheaf =
1

N

N∑
i=1

∆
(k)
i (∆

(k)
i )⊤ ∈ Rk×k (3)

where ∆
(k)
i = P⊤h

(1)
i − P⊤h

(2)
i denotes the projected difference between paired representations.

The eigendecomposition Lsheafv = λv separates H0, corresponding to near-zero eigenvalues that
indicate consistent directions, from H1, corresponding to large eigenvalues that indicate context-
dependent variation.
Remark 1 (On “H1” terminology). On matching graphs, algebraic H1 = 0 because the graph
contains no cycles. We use “H1” to denote the top Laplacian eigenspace. Genuine H1 ̸= 0 arises
on richer complexes as demonstrated in Appendix A.1.
Proposition 1 (Relationship to existing decompositions). Let CW = 1

N

∑
i ∆i∆

⊤
i denote the

within-pair covariance and CT denote the total covariance. Then Lsheaf = P⊤CWP , meaning
the sheaf Laplacian operates on within-pair variation projected through P . Different restriction
maps yield different Laplacians. Fisher’s criterion solves Lsheafv = λ(P⊤CTP )v, but normalizing
by total covariance discards absolute magnitude information and fails empirically.

Pullback to hidden space. The eigenvectors vj ∈ Rk of Lsheaf live in the edge space. To obtain
directions in the original d-dimensional hidden space, we map back via ṽj = Pvj ∈ Rd. When
P has orthonormal columns (as with PCA restriction maps), the H0 projector in the hidden space
is ΠH0 = PVH0V ⊤

H0P⊤, where VH0 ∈ Rk×m collects the m bottom eigenvectors. For CCA and
contrastive maps, we orthonormalize P before computing the projector. This three-step pipeline
(project to edge space via P⊤, decompose via Lsheaf , pull back via P ) is used for all ablation and
steering experiments.

4.3 STEERING

We define steering as adding a fixed direction ∆ ∈ Rd to the residual stream at a chosen layer during
inference, following activation addition (Turner et al., 2023). A steering vector is constructed from
the difference in mean activations between a target style and a source style: ∆ = h̄target − h̄source.
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Table 1: Functional Validation: H1 vs Variance-Matched Controls (50 pairs × 20 baselines)

Model Ratio 95% CI Cohen’s d p

GPT-2 (124M) 18.2× [17.2, 19.3] 2.34 ≪ 10−6

Mistral-7B 3.45× [3.41, 3.49] 7.92 ≪ 10−6

Llama-3-8B 5.62× [5.52, 5.71] 9.08 ≪ 10−6

Llama-2-7B 18.2× [17.3, 19.1] 4.44 ≪ 10−6

Llama-2-13B 26.5× [26.1, 26.8] 14.3 ≪ 10−6

We construct sheaf-derived steering vectors using two strategies. The H0-removed strategy com-
putes ∆H1 = ∆ − ΠH0∆, projecting out content-stable directions. The H1 dimension selection
strategy retains only dimensions with the highest H1 importance score sj =

∑m
ℓ=1(ṽℓ)

2
jλℓ, where

ṽℓ = Pvℓ is the ℓ-th H1 eigenvector pulled back to hidden space and λℓ is its eigenvalue. All
steering vectors are scaled to α∥h̄∥ with α = 0.3 unless stated otherwise.

We compare against norm-matched baselines: random direction (null), full style difference
(CAA (Turner et al., 2023; Zou et al., 2023)), mean-of-differences (Im & Li, 2025), variance top-k,
and Fisher LDA.

5 EXPERIMENTS

Models. We evaluate five transformer language models spanning two orders of magnitude in scale:
GPT-2 (124M) (Radford et al., 2019), Llama-2-7B, Llama-2-13B (Touvron et al., 2023), Llama-3-
8B (Grattafiori et al., 2024), and Mistral-7B (Jiang et al., 2023). Models with 7B or more parameters
use 4-bit quantization to fit within GPU memory (Dettmers et al., 2023).

Datasets. Functional validation uses 50 paraphrase pairs with 20 independent variance-matched ran-
dom baselines each, yielding n=1000 paired comparisons per model. Sheaf construction uses 200
MRPC paraphrase pairs (Dolan & Brockett, 2005). Steering evaluation uses the CounterFact bench-
mark with n=1000 examples per model (Meng et al., 2022). Semantic discrimination experiments
use MRPC, PAWS (Zhang et al., 2019), and QQP with 500 pairs each.

Implementation. We extract mean-pooled hidden states at layer ℓ ≈ 2L/3, use edge dimension
k = 128 to capture at least 98 percent of paired variance, select the top and bottom 20 eigenvectors
to define H0 and H1 subspaces, and norm-match all steering vectors to ensure fair comparison.

Metrics. We compute bootstrap 95% confidence intervals using 1000 to 10,000 resamples, apply
McNemar’s test for paired method comparisons (McNemar, 1947), and report Cohen’s d for func-
tional validation experiments and Cohen’s h for binary steering outcomes (Cohen, 1988).

5.1 FUNCTIONAL VALIDATION: H1 EXERTS DISPROPORTIONATE INFLUENCE

We perform targeted ablations on H1 dimensions and compare downstream effects against variance-
matched random dimensions. The control dimensions match both the number of dimensions and the
total variance of the H1 subspace, ensuring that any observed differences reflect the specific direc-
tions rather than dimensionality or scale. For each of 50 paraphrase pairs, we draw 20 independent
sets of variance-matched random dimensions as controls and measure KL divergence between the
original and ablated output distributions.

The H1 dimensions exert 3.5 to 26.5 times greater influence on model output than variance-matched
controls across all five models (Table 1). Cohen’s d ranges from 2.3 to 14.3, and all comparisons
achieve p < 10−15. This result is not tautological: the sheaf Laplacian selects directions of maximal
within-pair activation variation, but the test measures downstream output perturbation via KL diver-
gence. Directions exhibiting high within-pair variation could lie in a subspace the model ignores
during output computation. Llama-2-13B achieves the highest ratio (26.5×, d = 14.3), while GPT-2
and Llama-2-7B share the same 18.2× ratio despite differing in scale by 56×.
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Table 2: Fact Retrieval Accuracy (Top-1, k=20 dims, CCA restriction maps)

Model Full H0 H1 PCA Rand.

GPT-2 (768D) 60.0% 60.0% 41.0% 13.0% 33.8%
Mistral-7B (4096D) 97.5% 68.0% 46.5% 30.5% 69.8%
Llama-3-8B (4096D) 94.5% 67.5% 28.0% 12.0% 62.9%
Llama-2-7B (4096D) 87.0% 66.0% 22.5% 6.0% 51.7%
Llama-2-13B (5120D) 92.0% 66.5% 15.0% n/a 55.6%

Figure 1: Model summary showing key metrics across all five models: discrimination ratio between
random and paraphrase pairs, AUC-ROC for paraphrase classification, H1 to variance-matched
functional influence ratio (n=1000), and sheaf H1 fact preservation under CounterFact steering
(α=0.3). Llama-2-13B achieves the highest influence ratio at 26.5 times, while GPT-2 and Llama-
2-7B share identical ratios of 18.2 times despite differing in scale by a factor of 56.

5.2 FACT RETRIEVAL: H0 ENCODES FACTS

If H0 captures semantically invariant features, it should encode factual content. We test this with
a fact retrieval probe: given 200 CounterFact facts (each with 5–7 paraphrase expressions, totaling
∼1200 representations), we project all representations into k=20-dimensional subspaces (H0, H1,
PCA top-k, or random) and retrieve the correct fact via cosine-similarity nearest-neighbor lookup
against a pool of all 200 fact centroids. The candidate set includes all 200 facts, so chance per-
formance is 0.5%. This setup tests whether the subspace preserves enough factual information to
distinguish among 200 competing entities, though it does not test harder scenarios such as disam-
biguation of closely related facts.

H0 retrieves facts at 60–68% accuracy using only 20 dimensions, matching or exceeding random
projections on four of five models (Table 2). On GPT-2, H0 matches full-space accuracy (60%)
with 20 of 768 dimensions. H1 underperforms random projections on all 7B+ models (p < 10−4),
confirming it captures non-factual variation. PCA top-k performs worst (6–30%), showing that
high-variance dimensions alone do not encode facts.

5.3 ARCHITECTURE-DEPENDENT STEERING: A DIAGNOSTIC FINDING

The CounterFact experiment (Meng et al., 2022) tests whether steering can change a model’s factual
output while preserving generation quality. For each prompt, we extract the mean activation at layer
2L/3 for the target fact’s completion versus the original completion and take their difference as the
style direction ∆. Style change is measured as the fraction of outputs that differ from the unsteered
baseline; fact preservation is measured as the fraction of outputs containing the target entity string.
Generation uses greedy decoding with a maximum of 50 tokens. At α = 0.3, style change saturates
at 100% for all methods, so the differentiator is fact preservation. All steering vectors are norm-
matched.

The central finding is architecture-dependent and reveals a qualitative difference between model
families. On robust models such as Mistral-7B, random steering preserves facts best at 39.4 percent
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Table 3: CounterFact Steering (α=0.3, n=1000 per model). Style saturates at 100 percent for all
methods; joint score approximates fact preservation.

Model Method Joint% 95% CI Fact%

Mistral-7B

Random 39.4 [36.3, 42.4] 39.4
Variance (top-k) 33.0 [30.0, 35.8] 33.0
Full style (CAA) 31.7 [28.8, 34.6] 31.7
H1 dims (sheaf) 29.8 [26.9, 32.6] 29.8
H1 dims (Fisher) 15.4 [13.2, 17.7] 15.4

Llama-2-7B

Full style (CAA) 13.7 [11.7, 15.9] 13.7
H0-removed 13.7 [11.6, 15.9] 13.7
H1 dims (sheaf) 12.1 [10.0, 14.1] 12.1
Random 4.2 [3.0, 5.4] 4.2
H1 dims (Fisher) 3.3 [2.2, 4.5] 3.3

because H1 dimensions exert 3.5 times more influence per unit norm and therefore cause greater
disruption at high steering magnitudes. Llama-2-7B reverses this ordering entirely: random steering
destroys generation with only 4.2 percent fact preservation, while all directed methods preserve
facts approximately three times better at 12 to 14 percent (McNemar p < 10−10). The functional
influence ratio from Section 5.1 predicts this pattern: H1 dimensions carry concentrated causal
influence per unit norm, so at high α they disrupt robust models more than diffuse random noise
does, while fragile models need exactly this structure to avoid collapse.

Restriction map sensitivity. Table 3 uses PCA restriction maps throughout to avoid post-hoc se-
lection. We additionally report results with CCA and contrastive maps in Appendix A.6, presenting
the full grid rather than per-model bests. The strongest result uses contrastive maps on Llama-2-7B:
31.0% [28.2, 33.9] versus 4.2% for random, a 7.4× improvement (p < 10−50, n=1000). Sheaf H1

outperforms Fisher H1 on all models (p < 0.001, ∆ = 6.9–14.4pp), confirming that normalizing by
CT destroys the decomposition.

H1 ablation confirms functional role. Blanket H1 ablation on Mistral-7B collapses generation.
We measure repetition as the fraction of tokens in the first generated sentence that appear in repeated
n-gram loops (n ≥ 3), so that 0.0 means no repetition and 1.0 means complete degeneration. Under
H1 ablation, repetition rises from 0.18 to 0.90 (p < 10−10, n=40 prompts × 3 repeats); H0 ablation
leaves outputs unchanged (0.21). H1 dimensions are essential for output diversity.

5.4 SEMANTIC DISCRIMINATION

As validation, we verify that consistency energy separates paraphrase pairs from random pairs. Mod-
els span discrimination ratios from 3.1 to 5.2 times with AUC at least 0.88 (Figure 3 in Appendix).
The value of the sheaf construction lies not in discrimination (which simpler methods also achieve)
but in the H0/H1 decomposition validated above.

6 DISCUSSION

We introduced a sheaf-theoretic decomposition of transformer representations into content-stable
(H0) and context-dependent (H1) subspaces. Across five models (124M–13B), H1 exerts 3.5–
26.5× greater causal influence than controls, H0 encodes facts at 60–68% accuracy with 20 dimen-
sions, and ablation confirms opposite roles. The decomposition also reveals architecture-dependent
behavior: Llama-2-7B collapses under random perturbation but tolerates directed steering with 3×
more facts preserved (7.4× with architecture-specific restriction maps; Appendix A.6). Limitations
include architecture-dependent restriction map choice (main text uses PCA; Appendix A.6), steer-
ing magnitude sensitivity (Appendix A.7), entity-only evaluation, and 4-bit quantization for 7B+
models which may alter the activation geometry. Future directions include learned restriction maps,
simplicial complexes with genuine H1 (Appendix A.1), and mapping to SAE features (Cunningham
et al., 2024).
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A EXTENDED RESULTS

A.1 GENUINE H1 ̸= 0 ON SIMPLICIAL COMPLEXES

The main paper uses a matching graph with one edge per paraphrase pair, for which algebraic H1 =
0 because the graph contains no cycles. To verify that genuine sheaf cohomology arises from the
same activations, we construct a Vietoris-Rips simplicial complex from the activation geometry.
We extract mean-pooled hidden states for N = 20 MRPC sentences, project via PCA to k = 8
dimensions, include an edge (i, j) whenever the consistency energy falls below the p-th percentile,
and include a triangle (i, j, k) whenever all three constituent edges exist.

Table 4: Genuine sheaf H1 on GPT-2 (N=20, k=8). Boldface indicates configurations where H1 >
0.

Layer p=10% p=20% p=30% p=40% p=50%

0 0 8 0 0 0
3 0 0 8 0 0
6 8 8 0 8 0
9 0 16 0 8 0
11 0 0 0 8 0

Eight of 25 layer/threshold combinations yield H1 > 0 (Table 4). The maximum dimension
dimH1 = 16 occurs at layer 9 with p=20%. However, a null comparison with 100 random Gaussian
point clouds of the same dimensions (N=20, k=8) reveals that random data also produces H1 > 0
at comparable rates (50–71% of trials at p=10–30%), meaning the transformer activations do not
exhibit more topological structure than expected by chance at this sample size. The main paper’s
spectral decomposition on matching graphs does not rely on genuine H1; this appendix merely
demonstrates that the construction generalizes to richer complexes in principle, though larger-scale
experiments are needed to determine whether transformer-specific H1 emerges with more data.

A.2 THE SPECTRAL DECOMPOSITION RECOVERS ALGEBRAIC H0

We validate that the spectral decomposition faithfully recovers the algebraic-topological zeroth co-
homology H0 = ker(δ0). On GPT-2 with 50 MRPC paraphrase pairs (k = 128 edge space), the
spectral H0 has dimension 80 when counting eigenvalues below 10−6. The coboundary test con-
firms ∥δ0ΠH0s∥ < 10−6 for all test features projected into the spectral H0 subspace. 99.995% of
feature variance is captured by the spectral H0 projection, confirming that the spectral decomposi-
tion recovers the algebraic H0 to numerical precision.

A.3 GENERALIZATION: THREE DATASETS, THREE MODELS

To verify that the decomposition generalizes beyond the MRPC dataset used for development, we
conduct 5-fold cross-validation on 500 pairs from three paraphrase datasets with distinct character-
istics: MRPC (news paraphrases), PAWS (adversarial near-duplicates with word swaps), and QQP
(informal question paraphrases from Quora).

All probe classifiers achieve 97 to 100 percent 5-fold CV accuracy across datasets and models,
confirming that the paraphrase/non-paraphrase distinction is linearly separable in the sheaf energy
space regardless of paraphrase type or model scale.

A.4 H1 ABLATION CAUSES 69 TO 137 TIMES GREATER OUTPUT CHANGE

We quantify the functional importance of H1 dimensions by measuring output displacement when
zeroing H1 dimensions compared to zeroing variance-matched control dimensions. This experi-
ment complements the KL divergence analysis in the main text by examining raw output vector
displacement.

The confidence intervals exclude zero in both cases. The non-parametric common language effect
size (CLES) reaches 99.6% for GPT-2 and 100% for Llama-3-8B, indicating that the H1 ablation
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Table 5: 5-Fold Cross-Validation (n=500 pairs per dataset). The decomposition generalizes to adver-
sarial near-duplicates (PAWS: 12 to 17 times discrimination ratio) and informal paraphrases (QQP:
2.9 to 3.2 times).

Model Dataset Ratio 95% CI AUC Probe CV

GPT-2 MRPC 4.58× [4.30, 4.89] 0.993 99.6%±0.6
GPT-2 PAWS 17.4× [16.2, 18.8] 0.999 99.8%±0.2
GPT-2 QQP 2.93× [2.75, 3.12] 0.959 96.9%±0.9

Mistral-7B MRPC 4.23× [3.92, 4.56] 0.982 99.6%±0.4
Mistral-7B PAWS 12.1× [11.0, 13.3] 0.999 99.8%±0.2
Mistral-7B QQP 3.17× [2.95, 3.39] 0.957 97.0%±0.6

Llama-3-8B MRPC 4.70× [4.41, 5.03] 0.993 99.7%±0.2
Llama-3-8B PAWS 12.5× [11.4, 13.6] 1.000 99.9%±0.2
Llama-3-8B QQP 3.09× [2.90, 3.31] 0.961 96.8%±0.9

Table 6: Ablation Sensitivity: Mean Output L2 Displacement (n=100). Ablating H1 dimensions
causes 69 to 137 times greater output change than ablating variance-matched controls.

Model L2(H1) L2(VM) Diff. 95% CI Cohen’s d

GPT-2 75.7 6.9 68.8 [64.5, 73.2] 3.07
Llama-3-8B 147.4 10.9 136.5 [136.1, 137.0] 59.10

group and variance-matched control group are nearly perfectly separable by their output displace-
ment magnitude.

A.5 U-SHAPED LAYER PROFILE: WHERE H1 LIVES

We analyze how the H1 influence ratio varies across layers to understand where context-dependent
variation concentrates in the representation hierarchy.

Table 7: Cross-architecture layer analysis. The H1 influence ratio varies across depth, with peak
and trough locations depending on architecture rather than model scale.

Model Peak Layer Peak Ratio Min Layer Min Ratio

GPT-2 (12 layers) L11 (final) 87.3× L9 2.96×
Mistral-7B (32 layers) L10 (early-mid) 77.3× L6 7.4×
Llama-2-7B (32 layers) L2 (very early) 68.5× L28 4.5×
Llama-3-8B (32 layers) L4 (early) 55.6× L30 (final) 6.4×

The variation in H1 influence across depth suggests that context-dependent information concentrates
at architecture-specific layers rather than following a universal pattern.

A.6 ARCHITECTURE-SPECIFIC RESTRICTION MAPS

The restriction map P ∈ Rd×k projects hidden states to the edge space where consistency is mea-
sured. We evaluate three choices for learning this map: Joint PCA applied to concatenated para-
phrase pairs, CCA-composed maps that maximize correlation between paired representations, and
Contrastive maps using Fisher discriminant analysis to separate paraphrases from non-paraphrases.
All three map types are linear, share the same edge dimension k, and produce the same sheaf Lapla-
cian construction once learned.

With the appropriate architecture-specific map, sheaf H1 outperforms random steering on all three
7B+ models. On Llama-2-7B, contrastive sheaf H1 achieves 31.0% fact preservation versus 4.2%
for random steering, representing a 7.4 times improvement (McNemar p < 10−50). This fragile
model collapses under random steering with perplexity reaching 35.4, while contrastive sheaf H1

maintains coherent generation with perplexity of 11.2.
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Figure 2: H1 influence ratio across layers for all five models. Peak locations vary by architecture
(early for Llama, late for GPT-2), with minima in middle layers.

Table 8: Restriction Map Comparison (α=0.3, n=1000). The optimal map varies by architecture:
CCA for Mistral, contrastive for Llama-2.

Rmap Decomp. Mistral-7B Llama-3-8B Llama-2-7B

Baselines
Random n/a 39.4 37.0 4.2
Full style (CAA) n/a 31.7 26.5 13.7

PCA Sheaf 29.8 27.0 12.0
CCA Sheaf 41.6 15.0 2.0
Contrastive Sheaf 29.8 40.0 31.0

A.7 STEERING MAGNITUDE SWEEP

We sweep the steering magnitude α to understand how the relative performance of methods changes
with perturbation strength. At moderate magnitudes (α = 0.10), sheaf-derived methods outper-
form random steering on both Mistral-7B and Llama-3-8B. Specifically, H0-removed steering on
Mistral-7B achieves 43.0% fact preservation versus 41.0% for random (a 2.0 percentage point im-
provement), and H1 dimension steering on Llama-3-8B achieves 44.5% versus 43.5% for random
(a 1.0 percentage point improvement). At higher magnitudes (α = 0.20 or above), the concentrated
influence of directed methods becomes a liability because their greater per-dimension impact causes
proportionally more disruption, and random steering dominates on robust models.

A.8 HARDER FACT RETRIEVAL: SAME-RELATION NEGATIVES

The main-text fact retrieval probe (Table 2) retrieves among 200 facts spanning diverse relations.
To test whether H0 preserves factual content under harder conditions, we retrieve among same-
relation facts only (e.g., distinguishing “Paris is the capital of France” from “Berlin is the capital of
Germany” rather than from unrelated facts). We use the ROME CounterFact dataset with paraphrase
prompts (5 per fact) and group facts by relation type, selecting relations with at least 10 facts.

On GPT-2, H0 with 20 dimensions outperforms the full 768-dimensional representation on both
easy (62.7% vs. 55.3%) and hard (78.7% vs. 65.0%) retrieval. On Mistral-7B, H0 is competitive
with random projections (62.5% vs. 62.1% easy; 81.7% vs. 81.2% hard), while H1 and PCA are
consistently worst, confirming they capture non-factual variation. The stronger performance of H0

on the harder same-relation task (where candidate facts share structural similarity) provides evi-
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Table 9: Fact retrieval with same-relation negatives (k=20 dims, PCA restriction maps). Hard re-
trieval requires distinguishing among facts sharing the same relation type.

Model Task Full H0 H1 PCA Rand.

GPT-2 Easy 55.3% 62.7% 10.2% 14.3% 29.5%
GPT-2 Hard 65.0% 78.7% 23.8% 31.8% 49.1%

Mistral-7B Easy 94.7% 62.5% 16.7% 19.3% 62.1%
Mistral-7B Hard 98.5% 81.7% 34.0% 36.7% 81.2%

dence that the decomposition captures genuine factual content rather than trivially separable surface
features.

A.9 SPECTRAL GAP STABILITY

We analyze the stability of the H0/H1 decomposition across hyperparameter choices to verify that
the content/context boundary reflects genuine structure rather than artifacts of parameter selection.
The spectral gap, computed as the ratio λmax/λmin between the largest and smallest eigenvalues of
the sheaf Laplacian, ranges from 94 times for Llama-3-8B to 51,055 times for GPT-2, confirm-
ing clear separation between H0 and H1 across all models. The gap remains nearly constant
at 91.7 to 95.6 times across hyperparameter settings when varying the number of eigenvectors
m ∈ {5, 10, 20, 50, 100} and the edge dimension k ∈ {32, 64, 128}. The decomposition is not
sensitive to these choices.

A.10 EXPERIMENTAL DETAILS

Compute infrastructure. All experiments ran on NVIDIA RTX 5090 GPUs.

Sheaf hyperparameters. We use edge dimension k = 128 to capture at least 98% of paired vari-
ance, apply mean pooling over sequence positions to obtain a single representation per input, and
learn restriction maps via joint PCA on concatenated paraphrase pairs. The sheaf Laplacian is com-
puted in the k-dimensional edge space. The top and bottom 20 eigenvectors of the sheaf Laplacian
define the H0 and H1 subspaces respectively. Steering vectors are norm-matched to 30% of the
mean hidden state norm at the target layer.

Layer selection. We use layer ℓ ≈ 2L/3 for all main experiments (layer 8 for GPT-2, layer 20 for
32-layer models). Appendix A.5 shows the full layer profile.

Statistical methods. We compute bootstrap confidence intervals using 1000 resamples, apply
Mann-Whitney U-test for unpaired group comparisons, use McNemar’s test for paired success rate
comparisons, and report Cohen’s d for effect sizes. All reported p-values are two-sided. All random
seeds are fixed for reproducibility. Code and experimental scripts will be released upon acceptance.

A.11 ADDITIONAL FIGURES
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Figure 3: Semantic discrimination across models. Horizontal bars indicate discrimination ratio com-
puted as random energy divided by paraphrase energy. Error bars show 95% bootstrap confidence
intervals. All models achieve AUC greater than 0.90, confirming that the sheaf construction cor-
rectly identifies semantic equivalence.
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Figure 4: H0/H1 decomposition. Left: the sheaf Laplacian eigenspectrum shows a clear gap sep-
arating content-stable directions (small eigenvalues, H0) from context-dependent directions (large
eigenvalues, H1). Right: H1 to variance-matched influence ratio for three models with 95% boot-
strap CIs.

Figure 5: Steering magnitude sweep on Mistral-7B. Left: fact preservation across values of α.
Right: style change saturates by α = 0.10 for all methods. At moderate magnitudes, sheaf-derived
methods outperform random; at higher magnitudes, the concentrated influence of H1 causes greater
disruption.
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